Abstract: In this paper we characterized upper neighbors of a generalized topology in the lattice LGT (X, L), of generalized topologies on a fixed set X and investigated the properties of simple expansion.
A generalized topology [1] on X is a collection µ of subsets of X such that ∅ ∈ µ and arbitrary union of elements in µ is again in µ. If X ∈ µ, then µ is said to be a strong generalized topology on X. Consider the collection LGT (X, L) of all generalized topologies on a fixed set X, it is a complete lattice [6] . A generalized topology µ ′ is said to be a cover or upper neighbor [5] of µ ∈ LGT (X, L) if µ µ ′ and if µ ⊆ µ ′′ ⊆ µ ′ , for some µ ′′ ∈ LGT (X, L), then µ ′′ = µ or µ ′′ = µ ′ . Simple expansion of µ by A ⊆ X is the smallest generalized topology on X containing µ and A. By [5] , the simple expansion of µ by A, µ(A) = µ ∪ {G ∪ A : G ∈ µ}.
Let us go through some basic definitions which are taken from [2] . Definition 1.1. A generalized topological space (X, µ) is said to be µ − T o if for every x, y ∈ X there exists a set U ∈ µ such that either U ∩ {x, y} = {x} or U ∩ {x, y} = {y}. Definition 1.2. A generalized topological space (X, µ) is said to be µ − T 1 if there exist sets U, V ∈ µ such that U ∩ {x, y} = {x} and V ∩ {x, y} = {y}. Definition 1.3. A generalized topological space (X, µ) is said to be µ − T 2 if for every x, y ∈ X there exist disjoint open sets U, V ∈ µ such that x ∈ U and y ∈ V . Definition 1.4. A generalized topological space (X, µ) is said to be µ-regular if for every x ∈ X and a closed set F , not containing x, there exist disjoint open sets U, V such that x ∈ U and F ⊆ V . Definition 1.5. A generalized topological space (X, µ) is said to be µ-normal if for every pair of disjoint closed sets F, H, there exist disjoint open sets U, V such that F ⊆ U and H ⊆ V . Definition 1.6. [3] A generalized topological space(X, µ) is said to be a µ-second countable space if there is a countable base for the generalized topology µ and (X, µ) is said to be µ-separable if X contains a countable dense subset.
Notations
Consider the generalized topological space (X, µ) on a set X. Let A ⊆ X. Throughout this paper, 1. µ(A) denotes the simple expansion of µ by A.
2.
A o µ denotes the interior of A with respect to µ.
3.
A µ denotes the closure of A with respect to µ.
4.
A c denotes the set theoretic complement of A.
6. |A| denotes the cardinality of A.
Characterization of Upper Neighbors of
LGT (X, L)
Here we obtain several characterization theorems for a cover of a generalized topology in LGT (X, L). In paper [5] we saw the result that if µ is a strong generalized topology on a finite set X, then for A / ∈ µ, the simple expansion µ(A) is a cover of µ if and only if µ(A) = µ ∪ {A}. In this section we prove that this result still holds if X is infinite.
Theorem 2.1. Let µ, µ ′ are generalized topologies on X. Then µ ′ is a cover of µ if and only if µ ′ = µ(A) for every A ∈ µ ′ \µ.
Proof. Suppose µ ′ is a cover of µ. Let A ∈ µ ′ \µ. Then µ(A) is the smallest generalized topology containing µ and A and hence
is not a cover of µ, then there exists a generalized topology µ ′′ on X such that
, hence µ ′ is the smallest generalized topology containing µ and B. Thus µ ′′ = µ ′ and hence proving µ ′ is a cover of µ.
Proposition 2.1. Let µ be a generalized topology on a set X.
2. If X is finite and if µ is a strong generalized topology on X, then for every A ⊂ X such that |A| = |X| − 1, µ(A) is always a cover of µ.
Let
Proof. This can be easily verified by the reader. Theorem 2.2. Let µ be a generalized topology on a set X and A / ∈ µ. Then for every G ∈ µ, the simple expansion µ(A) is finer than µ(G ∪ A).
Hence the result. Proof.
Use (1).
Corollary 2.1. Let (X, µ) be a generalized topological space. Then for every A ⊆ X such that A / ∈ µ, the simple expansion µ(A\A 0 ) is always finer than µ(A).
Proof. The set A can be written as A = (A\A 0 ) ∪ A 0 . Then result follows from Theorem 2.3.
∈ µ, where (X, µ) is a generalized topological space. If the simple expansion of µ by B is finer than the simple expansion of µ by A, then B is a subset of A.
Remark 2.1. Converse of Corollory 2.2 is not true. For example, let X = {a, b, c, d}. Consider the generalized topology µ = {∅, {a, b}, {a, c}, {a, b, c}}. Let A = {a, d} and B = {a}. Here B ⊂ A, but µ(A) = µ ∪ {{a, d}, {a, b, d}, {a, c, d}, X} and µ(B) = µ ∪ {{a}}. Thus we see that µ(B) and µ(A) are not even comparable.
Theorem 2.4. Let (X, µ) be a generalized topological space. Let A ⊆ X and A / ∈ µ and G ∈ µ. Then the following are equivalent.
1. The simple expansion µ(A) is a cover of µ.
5. µ(A) = µ(B) for every B ∈ µ(A)\µ.
Proof. 
1. Let X be any infinite set and x ∈ X. Define µ = {G : G ⊆ X and x / ∈ G or x ∈ G and G c is f inite}. Then µ is a generalized topology on X. Let A ⊆ G and A / ∈ µ, then x ∈ A and A c is infinite. Also {y} ∈ µ for every y ∈ A c , then A ∪ {y} ∈ µ(A) for every y ∈ A c resulting µ(A) = µ∪{A}. Since A ⊆ X is arbitrary, (X, µ) does not have an upper neighbor.
2. Consider the following generalized topology on the set of real numbers R [5] .
where P (Q) denotes power set of Q, where Q denotes the set of all rational numbers. Let A ⊆ R and A / ∈ µ, then A can be
In either case µ(A) = µ ∪ {A}. Thus µ has no upper neighbor.
Norman Levine called a topology τ on a set X as a superset topology [4] if and only if for ∅ = O ⊆ A ⊆ X and O ∈ τ , then A ∈ τ . We generalize this concept and discuss the upper neighbors of superset generalized topology. Definition 2.1. A generalized topological space (X, µ) is said to be a superset generalized topological space if, whenever G ∈ µ and G ⊂ H ⊆ X, then H ∈ µ.
Theorem 2.5. Let (X, µ) be a generalized topological space. Then µ is a superset generalized topology on X if and only if for every A ⊆ X and A / ∈ µ, µ(A) is a cover of µ.
Proof. Suppose µ is a superset generalized topology on X. Let A ⊆ X and A / ∈ µ, µ(A) = {G ∪ A : G ∈ µ} ∪ µ. Since G ∪ A is a superset of G ∈ µ, G ∪ A ∈ µ. Then G ∪ A ∈ µ for every G ∈ µ implying µ(A) = µ ∪ {A} proving µ(A) is a cover of µ. Now assume µ(A) is a cover of µ for every A ⊆ X and A / ∈ µ. That is µ(A) = µ ∪ {A} for every A ⊆ X and A / ∈ µ. Let G ∈ µ and G ⊆ H ⊆ X. Suppose H / ∈ µ. Take A = H\G, then A / ∈ µ, otherwise, if A ∈ µ, then A ∪ G = H ∈ µ, which is a contradiction to our assumption. Now consider the simple expansion of µ by A = H\G. Then A and H ∈ µ(A)\µ implying that µ(A) = µ ∪ {A}, a contradiction to our assumption that µ(A) is a cover for every A / ∈ µ. Hence H ∈ µ. Thus µ is a superset generalized topology on X.
Remark 2.3. Consider the lattice LT (X, L) of topologies and lattice
LGT (X, L) of generalized topologies on a set X. Let τ be a topology on X. Then τ ∈ LT (X, L) and τ ∈ LGT (X, L). Suppose τ has upper neighbors in LT (X) and LGT (X, L). Then upper neighbor of τ in LT (X, L) and LGT (X, L) are same if and only if there exists a subset A ⊆ X and A / ∈ τ such that for [4] Let (X, τ ) be a topological space and A is a nonempty subset of X such that A / ∈ τ . Then a necessary and sufficient condition for the simple expansion topology τ (A) is the union of the topology τ and the set A is that
Remark 2.4. Let µ be a generalized topological space on a set X, which is not a topology. Then there exists an upper neighbor of µ, say µ ′ , which is a topology if and only if the set {G ∩ H / ∈ µ : G, H ∈ µ} is a singleton set and moreover
The following theorem is used to prove our next result. Proof. Let (X, µ) be a non µ − T 1 generalized topological space. If X / ∈ µ, then µ(X) is an upper neighbor of µ. If X ∈ µ, then since µ is non T 1 by Theorem 2.7, there exists an x ∈ X such that {x} is not closed relative to µ showing {x} c / ∈ µ. Claim: µ({x} c ) is an immediate successor of µ.
Properties of Simple Expansion
Here we discuss the cases when a simple expansion of a generalized topological space (X, µ) preserves some property P of (X, µ).
The above theorem can be easily verified.
Lemma 3.1. Let (X, µ) be a generalized topological space and A ⊆ X and A / ∈ µ. Let B ⊆ X, then
Proof. The proof is easy. Lemma 3.2. Let (X, µ) be a generalized topological space and A ⊆ X and A / ∈ µ. Let B ⊆ X, then
Theorem 3.2. Let (X, µ) be a µ-regular generalized topological space and let A be a subset of X such that A / ∈ µ and A c ∈ µ. Then (X, µ(A)) is µ(A)−regular.
Proof. Let x ∈ X and x / ∈ F where F is a closed set in (X, µ). Lemma 3.4. Let (X, µ) be a normal generalized topological space and F ⊆ X be a closed set. Then (F, µ ∩ F ) is µ ∩ F -normal. 
